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THE EQUILIBRIUM OF AN ELASTIC SPACE
WEAKENED BY TWO SPHERICAL CAVITIES AND
AN EXTERNAL CIRCULAR CRACK+

P. V. MARTYNENKO and A. 1. SOLOV'YEV
Khar’kov

(Received 1 December 1992)

Using the relationship between the basic solutions of Laplace’s equation in toroidal and spherical
coordinates, the Fourier method is employed to solve the problem of the equilibrium of an elastic space
weakened by two spherical cavities and an external circular crack. The proposed approach leads to an
infinite system of linear algebraic equations of the second kind with exponentially decaying matrix
coefficients. A small-parameter expansion is used to obtain an asymptotic formula for the normal stress
intensity factor.

1.Ler o, B, ¢; 0,6, 9;7,0,9; 1, 0,, @, p,2,¢; p;, 2, ¢ be toroidal, spherical, and cylindrical
coordinates defined by the following formulae [1-3]

x= ah,;z shacos o, y=ah‘;2 shasing, :z =ahﬂ‘2 sinp

x=ahlshocosy, y=ahlshosing, z=ahi’sino

x=rsinBcos @, y=rsinBsing, z=rcosH

x=pcos®p, y=psing, z=z

X=X, yi=y, n=zi-h

P1=p, zy=z-h; py=rsin®, zp=rcos b

@>0, h=0; 0= aq,p,p;, 7, r<oe; —00<z,2<e0, -i<P,0=m,
O0=s¢=<2r, 0=<0,0,=<nm,

hg =\/cha+cosB, hs =cha - coso

In the case of a homogeneous isotropic elastic body the equilibrium equations can be reduced
to the Lamé vector equation

grad divu+ Au=0 11

1-2v

Here u is the elastic displacement vector and v is Poisson’s ratio.

The relationships between the basic solutions of (1.1) in spherical and toroidal coordinates
can be obtained from the following equalities relating the basic solutions of Laplace’s equation
in these coordinates (the factor €™ is omitted on both sides of each equality)
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n+1
(3) P(cos8)) = hy | b (D) P, . (cho)de (12)

h
(—n —2arctg£ <O<|-— 2arctg£'-)
a a

choy= 3 c<"'>m( ) " P (cos8,) 13)

n=0

hﬂe"ﬁP"‘

+{T

(n <w/a2 +h2)

(a) B (cos8,) =y j a{™ (z)e®pP", . (cho)dr(Bl <) (1.4)

+m+1
hge™ Pl . (cha) = ): d(’”)(t)( I P, (cos6,;) (1.5)
n

(n >Va® +1?)

Here

%(n+m)( ),,_,,,F(m ¥ -it+m2m+1;y)

a™ (1) = (-)""

2m)li(n-m)! chnt

(m) (m)
my__ % (1) 27Tarcige m) foy _ d," (1) —21arcige
bn (T) - (1+52)"+}/2 € ’ cn (T) - (1+82)n+m+% 4 ’
e D" 2 AT it Am)
da," (1) = )] 1"(}{+i1:-—m)(1 i€)"F(-n ¥ +it+m;2m+1;y)
F(-n,a;c;z) = 3 -(Qﬂ(—:'l)—"zm, 8=£,

m=0 (C)mm! a
(), =a(a+1)...(a+m-1), y—-—z——

1-ie

pr(x) are associated Legendre polynomials, P)"(z) are associated Legendre functions of the
first kind, I'(z) is the gamma-function, F(-n, a; c; ) is the hypergeometric polynomial in z, and
(a),, is the Pochhammer symbol {3, 4].

The method of obtaining expansions of the type (1.2)-(1.5) and using them to solve the
scalar and vector boundary-value problems of elasticity theory is well known [5-7]. For m=1
the expansions (1.2)—(1.5) enable us to study a number of problems on twisting: (a) a body
B, <P <P, weakened by a spherical cavity 0=<r, <R or several disjoint spherical cavities with
centres on the z axis; (b) a sphere 0=<7# <R with a cavity B, <p=<8,.

2. Let p,, z,, ¢,; 1, 6,, @, be the cylindrical and spherical coordinates defined by
P2=n Sinez, 2y =n 00892; pz =P, 2 -2 ~2h=—-z-h
We will consider the equilibrium problem for an elastic space weakened by two spherical
cavities 0<r, <R and 0<r, <R symmetrical about the plane z=0 and an external circular

crack (cut) B==rn (see Fig. 1). We will confine ourselves to the case when the crack edges are
free from any external forces and do not touch one another, while the surfaces of the cavities are
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,ﬂ‘ﬂ/ﬂ"o} ﬁsﬂ AT

BT (5-0) A=K

subject to a hydrostatic pressure of intensity ¢, > 0.
The corresponding boundary conditions have the form

o"llr1 =R = orzlrzzk = —00 (2.1)

1;01 |n=R = Tiozl,zgk = 0; 01 lﬂ:tg = 0’ ‘cpz |ﬂ=ﬁﬂ = 0 (2.2)

(6, T4 O, T, are the components of the stress tensor in spherical and cylindrical
coordinates).

We will represent the general solution of the vector equation (1.1) in the form
u = (xe, — z grad)® + (xe,; — z, grad)F, + (xe,, -z, grad)F, — grad(@ + f + ) 23)
O=hy| APy, (cha)shTBds, -a];?- =(1-2v)®
0 z

F =% (2n-1BOr"P,_ (cos8,), F =3 @n-1BOr"P,_ (cos8,)

=l =1

F=-F (n+3-4V)BO[ VP (c0s8,)+ " VP,_,(c0s8,)]

n=al

v=-3 BP[5 P, (cos,)+r;" P, (cos6,)]
n=0

(zy=2-h, z,=—2—-h; x=3-4v, e_,, e,, e are the unit vectors of the corresponding systems
of coordinates), which ensures that (2.2) is an identity.
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On verifying boundary conditions (2.1) using the decomposition formulae

1P,y (cos8y)=a "k, | b e Py, (cha)ds

HP.y; o (cha)shTp = - )'_50 C,(t) a" 1P, (cos0,)

rz—n—an (COS 92 ) = (2h)—n—l kgo (_l)n+k %’%(2h)—k rlkPk (cos 91 ) (rl < 2h)

AOESACRIOERISIE)
which follow from (1.2) and (1.3) and the equality [8]

$ Deppm=weorrat-atp-12)  wo1-2mer)

for a=n+1, t=-r/(2h) and x=cos6,, after some reduction we find the following system of
relationships between the integral density A(t) and the coefficients B® and B®

BV =0

AM == BYa"(n* ~2n-1420) 20 _ 5 1 0p _1)p0ipg-n-1 Ba(®) _
n=2 Ch nt n=2 chrt

-5 (141802 b (@
n=0 g chnt

1+v = y, 1+v o]
BPR™ =—— T (-1)"n(2n-1)2k) "B + 2V g7g _Z0.
o 3%, (CV'n@2n-D2h™ B, 3 ¢ h5;

—BOR*k(k? + 3k -2v)+ BER* 2 (k + 1)(k +2) =

s k)! 2n-1 R*!
=_3F B+t BFO! Kk =2-2v) ——— -
,.Ez D (n—l)!k!2k+3( )(Zh)’ -l
5 g gyt (kD1 2nk—n—k+4-4v_ R
ne2 " (n=-1)1(k -1)! 2k -1 Qh)yr+H
- KDik-1) R*! h(RY!
- B(Z) —l n+k (n+ —k k_l bl b _
Eo (D nlk-1)! (2n)"+H (k-1) a\a) &
k41, R k-1, (R)"‘l
- K —k-2-2v)| = ——(k® -2k -1 -
2k+3( V.)(a) i1 2k—1( 2k-1+2v) 7 )
BR ™ k(k* -2+ 2v) - BPR 2 (k+2) =
oo k+1
-_ B(l) -1 ntk (Il+k).'k 2n-1 k2+2k—1 2 R _
LB ik D12k a3 ) Gy
-5 O pprra (rR-DUk-D2nk-n-k+4-4v R
ne2 (n-1)k -1)! 2k -1 (2h)"+¥-

_ 3 gy ek (BT OWK-1)  RM! o ﬂ(ﬂ)k-l )
n§0 Bn ( 1) n!(k__l)! (Zh)n+k+l k(k l)a a G
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2k+3 2k-1
*k=1,2,..)

k+1 k-1
-—(k2+2k 1+2v)(R) qk+1--k—}—(k2—2k-l+2v)(§) 9ey

g, =] AWE @, 5,() =206 (1)- b (<)
0
Now, eliminating A(t) and setting

So Lperpm g0 (4=23.) SeZk-lprsyer_ g (k-0,,2,...)

4Gk T 4G 2k+1
o = 2(k% +2kv+k+1+V) © _ D+ 0i2n-1)
T +2)2k-D(2k+3)” ™ 2"+ (ke + 1)1

(=1)"**(n+k)! a _ k(k* -1)
oz,, = —
22 A nl(k-1)1° 24,

a® S KE-D@E+D oy K-D@ED 0 oy g0y

Ay =k* -2kv+k+1-v, o=

kT 24, R T 2A,2k-1)
BY = (2n-1)(k 1), 532_2” 1(2k+1)(k 1
42k +1)(k -1) n? —2n-142v
(1)=———————2 -n-k+4-4 =
™S lekoD) G kA=A, v, n
5 ntb@n-1 , R _h
" 2n+1 R’ a

we obtain the following infinite system of linear algebraic equations from which to determine
b and b

P = 3 DEVBY + 5 DIP6®  (k=23,...) 24)
‘n=2 n=0

b(z) Z D(2l)b(l)+ 2 D(22)b(2)+f(2) (k=0,1,2,...)
n=2

fo‘”=l, =0 (k=12,.)

1+
DV = "[( D™ @2n-127"" +y,e™,_p +(2n - D™t A (2.5)

On

2 1+v 3
D( ) - an n+ Jn+l l}\."+3

D’ =Bl — @ ™ Y s + 2n =D I -
~lo Y + aPE (Y, T+ 2n-Ded 1+

+0 e Yy + (2= Dy JIATE

DS.2) = (aﬁ)ﬁﬁ) _ a£2)8n+k+28njn+1k _ 0‘9)8"””5,.1”1;_1 );\'n+k+l _
_a(l)8n+k+38 Jn+lk+1;"n+k+3

D(2l) D(ll) [le(’)[) +v, sn+k+l"n-—lk+l +(2'1—1)€"+k+2jnk+l]wk7\."+k+l

(22) _ n(2) +k43 k+3
DE? = DY —w,8,¢" JSRPIRY. b

= b, (1T (1)
Jop = m dt= 1 _ 2)
* ({ chre YTk = Vo Tmk
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JO = Em (ZT)C ) ) (t). dt, JP = Cm (T)c dt
m _{. ch®nt mk _{. ch?nt

Taking into account that [4, 9]

Yty o M) TB -t +s) s LA . .
F(-m}% n.l.’{)~s§o )T A1) , chm—l“(%ﬂt)l‘(% it)

:{. T+ T4~ ~it+ YK +it+Ddr=2n jizll-i-l
we can rewrite J& in the form
4 ., (1—ig)™**
W) 3 _n\mk
Jmk n( I) (1+8 )m++ ka
_m (-m); Y & (k)Y __2
2’”’“,50 s nGH+D T ik
Since
» - 5
s .("4?@_ =(1-w)"
s=0 A
it follows that
1 1“ (1 _ ,Y)m+k+1
- l_ m+kdx —te 0
L { (d-w) y(m+k+1)
which implies that

J(l) = __2_1.(_1),,,+k+1 (€ + i)m+k+1 _ (8 fi)m***l _
™ n (m+k+D(1 +?I)m+k+x
(m+k+1-~j) 1

2 (m+k+1)(1+e2)ym*F1

(2.6)

myk+l .
=2 7E e sin
T /=0
For J), whose structure is more complex, it is only possible to obtain the recurrent relations

1
](2) - 1(2) ' J(Z) m=12,...; -
mk+1 22[ mk m—«lk-&-l] ( e k 0’1’2’ ) (2‘7)

1 2 (“l)k k+l . - ﬂ(k-l'-l-— .)
A By 1 A Py j
okt == ok T L+ g2y & ChwiE SN ——

t
IR = if—”;g—g; I =D (mk=0,12,...)

Formulae (2.6) and (2.7) are suitable for computing the matrix coefficients (2.5) of the infinite
system (2.4), but they are of little use in studying the properties of that system. A preliminary
analysis of the matrix coefficients indicates that to study the properties of the infinite system
(2.4) for various relations between a, R, and A, it suffices to investigate the behaviour of J&(e)
as m+k — oo, To estimate J9® we use the Cauchy-Bunyakovski inequality

Vel <I2e/PeE PE=0)
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Representing J(¢) in the form

w47
IR@= | "h;m gh(dr, g;(1)>0
- 1Y ] (1"'-8)’l i1 .___2___
2a ()= (=) ﬁmﬁ(-n% mLY), Y=

and taking into account that ¢***** <2chnt (0 <& <o, —o <1 <o), we have the inequality

2 \2n
IO (€)= 4(-1)" (ﬁr—;‘if;);mkn(e)

T oy mrge L § CMY E m
R,,(e)—_L chm: F (—m’%—lt’l’Y)d‘t—ﬂjEO (j!)2 ’=Z° (I!)2 ’l

e I( }4
=2me B JINF(j+ 1,1+ 1;1;_ezz.m)
Now, using the relations [8)

2 (a),(b )i t'Fla+1,b;c;x) = F(a,b,b’;c;c”sx;1)
1=0 I'(C’)[

for a=1, ¢'=1, c=1, b=j+1, b’=-m, t=vy, x=—exp(2iarctge) and

wzZ )
(1-w)1-2)

for a=1, b=j+1, b'=-m, t=y, w=—exp(2iarctge), z=4y, after some reduction we arrive at
the equality

Fy(a,bb;aa;wiz)=(1-w) P (1-2)" F(b,b’;a;

R, (&)= (- LHE 12
(1-ie)

It follows that
UR@EP <16(1+e?)™ ! (0<e<e) 2.8)

Using (2.8) one can verify that for 0<A<1 and i=1,2
DS‘I) - aﬁ)ﬁ&)xn+k+l = O(nk—l(n+k)e—s(n+k+l))
DY ~ PPN = 0((n+ B)e ™YY (n+k >0, s=-In})
i.e. the matrix elements of the infinite system (2.4) for 0 <A <1 decay exponentially in each row
and each column. Moreover, for 0<A=R/h<1
,.j."é l[D,ﬁ,"{’]2 <o, ’_122 (DT <, éz DY < o0 (29)

From (2.9) and the fact that {f®} belongs to the Hilbert space [, of number-valued sequences
it follows that for almost all A €(0, 1) a unique solution of the 1nf1mte system (2.4) in 1, exists,
which can be found by the reduction method [10, 11]. The estimates (2.9) enable us to conclude
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that the infinite system (2.4) is quasiregular for 0 <A <1 and completely regular for 0<A <
A, <1 for some A, €(0, 1).

The restriction 0<A <1 of possible values of A is connected in a natural way with the
formulation of the problem in question and means that the spheres =R and r,=R do not
intersect one another or have a point of contact.

Solving the infinite system (2.4) by the small-parameter method and confining ourselves to
those terms that enable us to compute the normal stress intensity factor K, up to the terms of
order ¢ inclusive, we get

b =d A +O0(XY), B =0  (k=3,4...) (2.10)

b§» =1+ ”T"aos%uvw(x‘), b = 0(A%)

b =07 (k=2,3,...)
do = diy BEy - 05Ve*80J; - 0f7e%80 7,

1 2 1-3¢? ]

J —1 1arc
HE R T T e T3 ey

1} 3
Jin =—| ——arctee —
12 1;[ arctge

1 1 2 (1-3e%)
4¢*

4e(1+€?) 2e(1+€2)? +-3—(l+ez)3

On the basis of the asymptotic solution (2.10), we have

K, =;i_§:[o,,/2(a—p)]p_ ———~/2_a E (S [ Ynsalass + (20 +3)er, g 1+
+5$V8 1,1 J(Ae)™ = 2""‘/--(1+.s )2 x

{1 € +[do(e =Yg +7YqE )——5—83(1 ) )Jn]?@} W+roly

._323- a) r Y2 (e+i)™s (¢ —iy™!

€
1+e m T (1+82)m+1
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